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Abstract. A new g-binomial theorem for Macdonald polynomials is employed 
to prove an Ati analogue of the celebrated Selberg integral. This confirms the 
g = An case of a conjecture by Mukhin and Varchenko concerning the existence 
of a Selberg integral for every simple Lie algebra g. 



1. Introduction 

1.1. g-Selberg integrals. In 1944 Selberg published the following remarkable mul- 
tiple integral [23]. Let fc be a positive integer, t = {ti, . . . ,tk), dt = dti ■ ■ ■ dtk, and 

A(t)= n 

l<i<j<k 

the Vandermonde product. 

Theorem 1.1 (Selberg integral). For a,/?, 7 G C such that 

Re(a)>0, Re(/3)>0, Re(7) > - min{l//c, Re(a)/(A; - 1), Re(/3)/(fc - 1)} 
there holds 

k 

1=1 



(1.1) J \A{t)\^^i[tr\i~ur-'. 

r{a + {i - l)7)r(/3 l)7)r(i7 + 1) 



[0,1]'' 

fc 



r(a + /3+(2 + fc-2)7)r(7+l) 
When fc = 1 the Selberg integral simplifies to the Euler beta integral [7] 

(1.2) r-i(l - tf-^ dt = ^P^, Re(a) > 0, Re(/3) > 0, 

Jo r(a + p) 

which reduces to the standard definition of the gamma function 



/>oo 

T{a) = / f-^e^^dt, Re{a) > 
^0 



upon taking (/3, t) (C, t/() (with C G R) and letting C, ~> 00. 

At the time of its publication the Selberg integral was largely overlooked, but 
now, more than 60 years later, it is widely regarded as one of the most fun- 
damental and important hypergeometric integrals. It has connections and ap- 
plications to orthogonal polynomials, random matrices, finite reflection groups. 
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hyperplane arrangements, Knizhnik-Zamolodchikov equations and more, see e.g., 
[1,3,5,6,15,18,28,29]. 

Because of the appearance of the Vandermonde product, the Selberg integral 
may be associated with the root system Afe_i. That such a viewpoint is useful is 
evidenced by Macdonald's famous ex-conjecture, which attaches a Selberg integral 
to any finite reflextion group G [15]. To be precise, Macdonald conjectured a 
generalisation to G of the exponential limit of Theorem 11.11 known as Mehta's 
integral: 

see also [8,15,18,21,22]. 

A different point of view — and one we wish to adopt in this paper — arises 
from the intimate connection between Knizhnik-Zamolodchikov (KZ) equations 
and hypergeometric integrals [6,20,24]. Let g be a simple Lie algebra of rank n, 
with simple roots and Chevalley generators given by cti and Ci, fi, hi for 1 < i < n\j 
Let V\ and be highest weight representations of g with highest weights A and fi, 
and let u — u{z, w) be a function with values 'mV\®V^ solving the KZ equation 

du il du 
K— = u, = 

oz z — w aw w — z 

where fl is the Casimir element. Solutions u with values in the space of singular 
vectors of weight X + fj, — X]"=i ^i^^i ^-''^ expressible in terms of fc := /ci + • ■ • + fc„ 
dimensional integrals of hypergeometric type as follows [24] : 

U{Z, w) Ujj{z, W) f^Vx ® f'^Vfj, 

with 

uij{z,w)— / 'i'{z,w]t)uJi,j{z,w;t)dt. 

J ■y 

In the above the sum is over all ordered multisets / and J with elements taken from 
{1, . . . , n} such that their union contains the number i exactly ki times, v\ and 
are the highest weight vectors of V\ and VJi, f^v ~ (Ilie/ /O^j * = 
dt = dti ■ ■ ■ dtk and 7 is a suitable integration cycle. The function uJij is a rational 
function that will not concern us here and 4', known as the phase function, is 
defined as follows. The first ki integration variables are attached to the simple root 
ai, the next fc2 integration variables are attached to the simple root 0:2, and so on, 
such that ■— if < j < ki. Then 

k 

w; t) = {z- Y[ih - z)-^^'"'''>/''{U - 

l<i<j<n 

with ( , ) the bilinear symmetric form out)* (the space dual to the Cartan subalgebra 
[)) normalised such that {9, 6) = 2 for the maximal root 9. 



^We use ai instead of the usual ai to denote the simple roots to avoid a clash of notation with 
the exponents ai in the An Selberg integral of Theorem 11.21 
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In [20] Mukhin and Varchenko formulated a remarkable conjecture regarding the 
normalised phase function 

^— 1 l<i<j<n 

They proposed that if the space of singular vectors of weight A + /i — X]r=i ^i'^i 
one-dimensional, then the integral 



(1.3) / ^'(t)dt 

J A 



(with A C [0, l]'^ an appropriate integration domain not explicitly given) is express- 
ible as a product of gamma functions. The original Selberg integral corresponds to 
the case = 5(2 of the Mukhin- Varchenko conjecture. 

In the following we restrict our attention to g = s[„+i — A„, with fundamental 
weights Ai, . . . , A„; (Ai, aj) = Sij. If the weights of V\ and are A — ^i^i 
and = Mi^i: ^-iid if write t = {ti, . . . ,tk) as t — {t^^\ . . . , i'"-*), with 

t^^^ = (4'\ • ■ ■ ^t'k'') ^^'^ variables attached to the simple root a^, then 



^it)^l[ |A(i(^))|'/"[](tf))"^=/"(i-4^y^=/" i[\A{&\t^'+' 



n-1 



-1/k 



s=l 

where 

l{u) l(v) 

A{u,v)^l[Y[iu,-v,) 

1=1 ]=l 

for u — (ui, . . . , ui(u)) and v = (ui, . . . , w;(i,)). In the case of 5(2 the phase function 
coincides with the integrand of the Selberg integral after identifying 7 = 
a = 1 — Ai/k and /3 = 1 — 

In [26] Tarasov and Varchenko dealt with the A2 case of (ll.3p . obtaining a closed 
form evaluation for A — A2A2 and /i — /ii Ai -I- ^2^2- In the present paper we utilise 
the theory of Macdonald polynomials to extend this to A„, and one of our main 
results is an explicit evaluation of ()1.3p for A = AnA„ and /i = /i^A^. If we write 
K — 1/7, Ai = (1 — ai)/^ (so that ai = ■ ■ ■ = q;„-i = 1) and /i.^ = (1 — and 
let A = C^i' - ''"'" [0, 1] be the integration domain defined in (14. 9p of Section [H we 
may claim an evaluation of the (|1.3p for g = A„. 

Theorem 1.2 (A„ Selberg integral). For n a positive integer let < ki < k2 < 
■ ■ ■ < kn be integers and ko = kn+i = 0. Let a, Pi, ... , Pm 7 G C such that 

Re{a) > 0, Re(/3i) > 0, . . . , Re(/3„) > 0, 
-min{Re(Q!)/(fc„ - 1), l/fc„} < Re(7) < l/fc„ 

and 



-Re{Ps)/{ks - ks-i - 1) < Re(7) < Re(/3. + • • • + Pr)/{r - s) 
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for 1 < s < r < n. Then 



/n r ks -1 71—1 
r. 1 L 1 J r. 1 



C;i" -' "[0,1] 



j-j "^-q" r(/?,, + ...+/3, + (z + s-r-l)7) 



r(a,. + /3, + • • • + + (i + s - r + fc^ - fc^+i - 2)7) 

l<s<r<n 2—1 

^ TT TT ^("^- + ^ ^^^+1 ~ l)7)r(»7) 

where ai = ■ ■ ■ — Un-i = 1, ckn = a?irf dt = di^^^ ■ • • dt^"-*. 
Remarks. 

(1) Whenever A/Q occurs in the conditions on a, /3i, . . . and 7 this is to 
be interpreted as icxo with the sign that of A. This ensures the conditions 
are correct provided ks > kg-i for all 1 < s < n. Only minor modifications 
are required if ks = ks-i for some s. We also note that the condition 
Re(7) < 1/kn comes from Re(7) < minjl/feg : 2 < s < n} and does not 
apply when n = I. 

(2) For /ci = ••■ = kn-i = and {k^, l3^,t^"^) {k,P,t) the A„ Selberg 
integral simplifies to 



i=l 

k 

=n 



[0,1] 

" r(a+(i-l)7)r(/3+(i-f)7)r(i7) 



T{a + P+{i + k-2)j)T{j) 
Since (see (gH)) 

^o,...,o,fcjQ^ 1] = G R'= I < tfe < tk-i <-<ti<l} 

this is equivalent to the Selberg integral (|l.f p . Indeed, by the symmetry 
of the integrand we may replace Cl^' ' '°''^[0, 1] by [0, 1]'"' provided the right- 
hand side is multiplied by fc!. Absorbing this factor in the ratio of gamma 
functions yields More generally the integration domain C^^'"'"''^" [0, 1] 

is such that A(i(*)) > 0, and the absolute value sign in |A(i(^))p'' (but not 
in |A(t('*),t("+i))|-T) may be omitted. 
(3) Denoting the A„ Selberg integral by 

-^fc'i"...,fc„(";/5i>--->/5n;7), 
it readily follows that 

-^(t".,o,/i,...,;™(";/'i'- ■ ■ '/^";7) = ^h"..,;„(";/5"-m+i, • ■ ■ ,/3n;7)- 
In particular we have 
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The case ki = ■ ■ ■ = fc„-i = 0, fc„ = fc discussed in (2) is of course a special 
case of this more general reduction formula. 
(4) By an appropriate change of integration variables (see Section [7] for details) 
it follows that 



(1.4) 



(a; /3i,/?2, ■■■,/?«; 7) 



rA 



]..kAa;(3i+f32-j,P3 



r(i-7)r(/3i) 



-'l,fc3,...,/c„v-'^'i ' r(/5i - 7 + 1) 

By iteration all but the last ks equal to 1 may thus be eliminated. 

(5) Upon taking n = 2 and [ki.k^) (^2, ^1) and (/?i, /?2) {P^iPi) we obtain 
the SI3 Selberg integral of Tarasov and Varchenko [26, Theorem 3.3], see 
also [29]. 

(6) If we denoting the set of positive roots of A„ by (i.e., <f>+ = {as H h 

OLr : 1 < s < 7" < n\) then the product over \ < s < r <n on the right- 
hand side of the A„ Selberg integral corresponds to the following product 
over $+: 

n 9{Ps + ---+Pr) - n .9((A,a)), 

l<s<r<n ae<i>+ 

where A = /3iAi H h /3„A„. 

By replacing (/^s,*^''') (C/?,,, i'^VC) with C e K and then letting C tend to in- 
finity we obtain the following exponential form of Theorem II. 21 with C'.^i' - .^n [q, cxj] 
the domain defined in (|4.9p of Section |4l 

Corollary 1.1 (First A„ exponential Selberg integral). For n a positive integer let 
< ki < k2 < ■ ■ ■ < kn be integers and fcg ~ ^n+i — 0- Let a, . . . , /3„, 7 G C 
such that 

Re(a) > 0, Re(/3i) > 0, . . . ,Re(/3„) > 



and 
Then 



-min{Re(a)/(fc„ - 1), l/fc„} < Re(7) < l/fc„. 



n r 



[0,00] 



r(a, + (i - ks+i - l)7)r(i7) 



l<s<r<i 
n k. 

X 

s^l z^l 



nn 



where a\ 



r(7) 

1 and an = a. 



Replacing ^ 1 — for all 1 < i < fc in the Selberg integral (|l.ip leads to 
an interchange of a and (3. Consequently the classical Selberg integral has just 
a single exponential form. This (a, /3)-symmetry is no longer present for n > 1, 



and replacing t. 



(^) 



1 - t 



is) 



for all 1 < i < fcs and 1 < s < n followed by 



{a,t^^^) — > (C^'^VC) (with C G I^) and then letting ^ tend to infinity, results in a 



second exponential form of Theorem 11.21 Below 
domain defined in (|5.8p of Section [5] 



[0, 00] is the integration 
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Corollary 1.2 (Second A„ exponential Selberg integral). For n a positive integer 
let < ki < k2 < ■ ■ ■ < kn be integers and ko = kn+i = 0. Let [3i,. . . ,/?n,7 G C 
such that 

Re(/3i) > 0, . . . ,Re(/3„) > 0, -l/fc„ < Re(7) < l/fc„ 



-Re(/3,)/(fc, - fc,_i - 1) < Re(7) < Re{l3s + • • • + /3.)/(r - s) 
for 1 < s < r < n. Then 



•1 s=l L i=l -I s=l 



C^i"--'''" [0,oo] 



= n n r(/33 + ... + /3. + (z + s-r-l)7) 



l<s<r<?i ^— 1 
X 



n n fa 



l<s<r<n — 1 z— 1 
n fcs -r-i / . s, n— 1 A; 



(1 + /3s H h /3r + (j + s - r + fc^ - kr+i - 2)7) 



nni3?nnr(i+(-fc..i-i)7). 

s=l i=l ^ " s=l i=l 



1.2. Outline. In Section [2] we review some standard facts about Macdonald poly- 
nomials needed to prove an identity for the q, t-analogues of the Littlewood-Richard- 
son coefficients (Theorem 12. ip . In Section [3] we apply Theorem 12.11 to establish a 
new A„ g-binomial theorem for Macdonald polynomials fTheorem l3.2p . In Section[4] 
we first utilise the q = 1 case of this theorem to prove the exponential A„ Selberg 
integral of Corollarv ll.il Then, in Section[51 we exploit the full g-binomial theorem 
to obtain a multidimensional g-integral which yields Theorem ll.2l in the g — > 1 limit. 
In Section [S] we generalise the A„ Selberg integral by including a Jack polynomial 
in the integrand (Theorem 16. ip . Finally, in Section [71 we give the full details of 
two special cases of Theorem ll.21 corresponding to (fci, . . . , /c„) — (1, . . . , 1, fc) 
and 7 = respectively. 

2. Macdonald polynomials 

Our main tool in the proof of Theorem 1 1.21 is the theory of symmetric functions, 
and in Sections 12.11 and 12.21 we review some well-known facts from the theory. For 
a more comprehensive introduction we refer the reader to [14, 16,25]. 

2.1. Preliminaries. Let A = (Ai, A2, . . . ) be a partition, i.e., Ai > A2 > . . . with 
finitely many Ai unequal to zero. The length and weight of A, denoted by 1{X) and 
|A|, are the number and sum of the non-zero A, respectively. As usual we identify 
two partitions that differ only in their string of zeros, so that (6,3,3,1,0,0) and 
(6, 3, 1, 1) represent the same partition. When |A| — N we say that A is a partition 
of N, and the unique partition of zero is denoted by 0. The multiplicity of the 
part i in the partition A is denoted by nii — mi(A), and occasionally we will write 
A= (l"i2™2...). 
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We identify a partition with its Ferrers graph, defined by the set of points in 
(i, j) e 1? such that 1 < J < Ai, and further make the usual identification between 
Ferrers graphs and (Young) diagrams by replacing points by squares. 

The conjugate A' of A is the partition obtained by reflecting the diagram of A in 
the main diagonal, so that, in particular, TOi(A) = A^ — A^_|_]^. The statistic n(A) is 
given by 

The dominance partial order on the set of partitions of iV is defined by A > ^ if 
Ai + • • • + Ai > /^i + • • • + /ii for all z > 1. If A > M ^-i^d 7^ then A > /i. 

If A and [i are partitions then /i C A if (the diagram of) /i is contained in (the 
diagram of) A, i.e., [li < Ai for all i > 1. If ^ C A then the skew-diagram A — /i 
denotes the set-theoretic difference between A and /i, i.e., those squares of A not 
contained in fi. 

Let s = be a square in the diagram of A. Then a(s), a'(s), l{s) and l'{s) 
are the arm-length, arm-colength, leg-length and leg-colength of s, defined by 

(2.1a) a{s)=X,-j, a'{s)=j-l 

(2.1b) l{s)^X'^-i, l'{s)^i-l. 

This may be used to define the generalised hook-length polynomials [16, Equation 
(VL8.1)] 



(2.2a) cx{q,t) = ll{l-q^^^h'(^')+'), 

(2.2b) c'^{q,t) = l[{l-q'^^^'> + H'(^^), 

where the products are over all squares of A. We further set 

c\{q,t) 



(2.3) bxiq,t) 



c'x{q,t)' 



For N a nonnegative integer the g-shifted factorial (6; q) n is defined as (6; q)a = 1 
and 

(2.4) (&;g)jv = (l-6)(l-5g)---(l-6g^-^). 

We also need the q-shifted factorial for negative (integer) values of N. This may 
be obtained from the above by 

1 

{b; q)-N 



ibq-^;q) 



N 



This implies in particular that l/{q;q)^N — for positive TV. 
The definition (|2.4p may be extended to partitions by 



i(A) 

{b;q,t)x = Y[{l~bq-''^^h-''(^')) = Y[ibt'~'; q)x^ 
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With this notation the polynomials ()2.2p can be expressed as [12, Proposition 3.2] 

(2.5a, «(,,<) = («-;,,0.n 

where n is any integer such that n > 1{X). 

Finally we introduce the usual condensed notation for q-shifted factorials as 

(oi, . . . , flfc; q)N = (fli; q)^ • • • (a/c; q)N 

and 

(ai, . . . , Ofe; g, t)x = (ai; g, t)A • ■ • (at; q, t)x. 

2.2. Macdonald polynomials. Let S„ denote the symmetric group, and A„ = 
Z[a;i, . . . , the ring of symmetric polynomials in n independent variables. 

For X = (xi, . . . ,Xn) and A — (Ai, . . . , A„) a partition of at most n parts the 
monomial symmetric function mx is defined as 



mx 



Here the sum is over all distinct permutations a of A, and x" = x^^ ■ ■ ■ a;"" . For 
1{X) > n we set mx{x) = 0. The monomial symmetric functions mx for Z(A) < n 
form a Z-basis of A„. 

For r a nonnegative integer the power sums pr are given by po = 1 and pr = 
for r > 1. Hence 

n 

Prix) = Xl^i- 

More generally the power-sum products are defined as px{x) ~ pxi [x) ■ ■ ■ px„ (x). 
Following Macdonald we define the scalar product (•, ■)q^t by 

{px,P^)q,t = Sxf,zx Yl ^__^x, ' 

i=l 

with zx = rii>i = fTii{X}. If we denote the ring of symmetric 

functions in n variables over the field F = t) of rational functions in q and t by 
An J, then the Macdonald polynomial Px{x; q, t) is the unique symmetric polynomial 
in An,w such that [16, Equation (VI. 4. 7)]: 

(2.6) Pxix;q,t) ^ mxix) + ^ uxf,iq,t)Tn^{x) 

Ai<A 

and 

{Px,P^)g,t = if X^^i. 

The Macdonald polynomials Px{x;q,t) with Z(A) < n form an F-basis of A„^f- If 
Z(A) > n then Px{x;q,t) = 0. From (pj]) it follows that Px{x;q,t) for /(A) < n is 
homogeneous of degree |A|: 

(2.7) Pxizx;q,t)^z^^\Pxix;q,t) 
with z a scalar. 
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For / G A„.F and A a partition such that 1{X) < n the evaluation homomorphism 

w^"-* : A„_F F is defined as 

(2.8) 4")(/) = f{q^H'^-\q^H^-^ g^-^O). 

We extend this to / G F(a;i, . . . , Xn)®" for those / for which the right-hand side of 
(j2.8p is well-defined. The principal specialisation formula for Macdonald polynomi- 
als corresponds to [16, Example VI. 6. 5] 

(2 9) «("Vp.) - r(^) n ^-1"''''^''-'''^ ^nwri^A 

(2.yj (n)-t 11 ^ _ qais)tlis) + l CA((Z,i) ■ 

For more general evaluations we have the symmetry [16, Equation (VI. 6. 6)] 

(2.10) 4")(P,)4")(P.) = u(")(P.)4"'(P,) 
for /(A), < n. It will be convenient to also define ul,^] as 

(2.11) <](/) = f{zq'^H^^-\zq^H--\ . . . , Z(?^"i°). 
For homogeneous functions of degree d we of course have 

(2.12) z^g(/) = ^'^4"^(/). 

Thanks to the stability Pxixi, . . . ,Xn',q,t) = P\{xi, . . . , Xn,0', q,t) for 1{X) < n, 
we may extend the Pa to an infinite alphabet, and in the remainder of this section we 
assume that x (and y) contain countably many variables. By abuse of terminology 
we will still refer to Px{x; q, t) as a Macdonald polynomial, instead of a Macdonald 
function. Then the Cauchy identity for Macdonald polynomials is given by [16, 
Equation (VI.4.13)] 

(2.13) J2b,{q,t)P,{x;q,t)P,{y;q,t)^ J] P^^^, 



with bx{q,t) defined in (gJl). 

The q, t-Littlewood-Richardson coefficients are defined as 

(2.14) P^(x;g,t)P,(a;;g,t) =^/^t(g,t)PA(x;<z,0 

A 

and trivially satisfy 

fUl^t) ^ f^^{q,t) 

and 

(2.15) f^Jq,t) = unless |A| = j^l + W\. 
It can also be shown that [16, Equation (VI. 7. 7)] 

(2.16) /^„(g, t)=0 unless ^, C A. 

The q, i-Littlewood-Richardson coefficients may be used to define the skew Mac- 
donald polynomials 

(2.17) Px/^{x;q,t)=Y,fU<i^t)PA^;q,t). 
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By (|2.16|) . P\/f^{x;q,t) = unless /i C A (in which case it is a homogeneous of 
degree |A| - |^|. Equivalent to (|2.17p is 



(2.18) 



Finally we need the Kaneko-Macdonald definition of basic hypergeometric series 
with Macdonald polynomial argument [12,17] 



(2.19) 



oi, • ■ 

bi,. 



q,t]x 



t(A) ^A(a;;g,^) (ai, ■ ■ .,ar+i;q,t)x 
c'xil^t) {bi,...,br;q,t)x 



When X — (z) this reduces to the classical r+i'Pr basic hypergeometric series [9]: 



r+ 



fli, . . 

bi,. 



, ftr+l 
■,br 



q,t] (z) 



E 

k=0 



{q,bi 



, a.r+l]q)k 



bu. 



,br;q)k 



The main result needed for r+i'^r series is the g-binomial theorem [12, Theorem 
3.5], [17, Equation (2.2)] (see also [13, Theorem 3] and [19, Lemma 3.1]) 



(2.20) 



]q,t]x 



-Q {axi;q)r 

i>l '^)°' 



Remark. In this paper we mostly view results such as (|2.13|1 and (|2.20p as formal 
identities. Later, when transforming formal power series to integrals, issues of 
convergence do become important. It is however not difhcult to give necessary 
convergence conditions for each of the identities in this paper. For example, in 
(|2.20p . we may add x — [xi, . . . ,x„), \q\ < 1 and max{|a;i|, . . . , |a;„|} < 1, and view 
the i^&o as a genuine hypergeometric function. 

2.3. An identity for g, t-Littlewood Richardson coefRcients. A crucial role 
in our proof of the A„ Selberg integral of Theorem 11.21 is the following identity for 
the q, i-Littlewood-Richardson coefRcients. 

Theorem 2.1. Given two integers < m < n, let X and fi be partitions such that 
l(X) < m and l(fj,) < n. Then 



(2.21) ^t"('^)-l"l/l(g,t)^ 



(n — 7n) 
*0 



{qt- 



iqt'^-';q,t)xY^Y[{qt' 



j—i-\-m — 7i—l . 



\q)\- 



i-\-7n—n 



;q)xi' 



-fj.j 



Since f^^{q, ^) = if cj ^ A and Pp,/uj = ii uj ^ we may add the restrictions 
Lu C X and co C fj, to the sum over uj. We will in fact show that the summand on 
the left vanishes unless 



(2.22) 



A, > Mi+n-m for 1 < j < m. 



In other words, if fi* is the partition formed by the last m parts of /i (i.e., /i* — 
{fin-m+i, ■ ■ ■ , Mn)) thcii thc summand vanishes unless /z* C A. To see this we recall 
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from [16, Equation (VI.7.13')] that 

P^L/uJ{xl, ■ ■ . ,Xn-ni;q,t) = ^tpT{q,t)x'^ 



where the sum is over all semistandard Young tableaux T of skew shape fi — lu over 
the alphabet {1, . . . , n — m}; x'^ is the monomial defined by T and tpr £ IF- For the 
shape II — CO to have an admissible filling it must have at most n — m boxes in each of 
its columns. Hence Ui > lii+n-m for 1 < i < m. Since we already established that 
the summand vanishes unless a; C A, a necessary condition for nonvanishing of the 
summand is thus given by (|2.22p . Since l/{q\ q)-N = for N a positive integer, it 
is easily seen that also the double product on the right-hand side of (|2.21|) vanishes 
unless (|2?22|) holds. 

Theorem 12.11 for arbitary < to < n corresponds to the u = case of a more 
general result established in [31, Theorem 4.1]. For to = n, so that 

Pfl/uJ {Xl , ■ . . , Xji — jyi , t) ^fj,ij , 

the theorem simplifies to [30, Proposition 3.2]. A proof Theorem 12.11 is included 
below for the sake of completeness. 

Proof of Theorem \2.1\ Let x = (xi, . . . , and y = (yi, . . . , ?/„) so that the 
Cauchy identity (|2.13p becomes 

b,{q, t)P,{x; q, t)P,{y; q,t) = f[f[ pM^. 

Next we apply the homomorphisms u^^J (acting on x) and u^jT^ (acting on y), and 
use the homogeneity (|2.7p of the Macdonald polynomials. Hence 

(m) , 



(2.23) ^zl''l6,(g,t)4")(F,)4")(P,) 



" (zt"+"-';g)oo " " (zt"+"-^-^;<z)A,+^, 

11 (^m-i-n),^ 1111 



The summand on the left vanishes unless l{ri) < min{n, to}. Assuming such 77 we 
may twice use the symmetry (I2.10p to rewrite the left-hand side as 

In the remainder we assume that n > m and apply (|2.18p as well as (|2.7p to get 
ui^\P,) = P^(g"H"-l, . . . , q^'-e-"\ ...,t,l;q,t) 

UJ 
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Thus 



Next we use that 

= "r^(E/-^^0 (by ra) 

to rewrite this as 

By one more appUcation of (|2.10|) this becomes 

u^r"'\p,/^)u^r\p,wr\p.W-\p,) 



ut^\p,)ut'\P,) 



The sum over r] may now be evaluated as follows: 

Y,^\^\b,{qM^\Pr,Wir\p,) 



(by jSSl) and K9\i ) 



i":^fi1>o 



(m) I "Q (a^i^"; g)c 

_-|^ ("^ij 9)00 



(by mB) 

(by IMQI)) 



(zt™-i;g,i). -Q (^i"+™-^ g)c 
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We thus arrive at 



X 



Finally equating this with the right-hand side of (|2.23p and replacing z zt^ " 
yields 



(2.24) ^^P^ 



.r(F.)4")(F,)nn 



Both sides of this identity trivially vanish if ^(A) > m. Furthermore, the summand 
on the left vanishes if l{v) > m. Hence we may without loss of generality assume 
in the following that ^(A) < m and l{y) < m. (The latter of course refers to a 
restriction on the summation index.) We may also assume that the largest part of 
V is bounded since /^^ = if |a;| + |A| ^ \v\ and P^i/^^ = if a; ^ In particular 

< + H 

The above considerations imply that A, C (iV™) for sufficiently large N. Given 
such N we can define the complements of A and i/ with respect to (iV™). Denoting 
these partitions by A and /t we have Xi — N — X„i+i-i and Vi — N — Vm+i-i for 
1 < i < m. 

We now replace A and v hy X and v in (|2.24p and then eliminate the hats 
using [30, page 263] 

fi> ( ^^ ^ ,n(i/)-n(A) r\ / ,n (g^'"~^g,^)^ c'^il^t) ^o'"^(-Pa) 

[4, Equation (4.1)] 

(a;g,t). = (-g/a)l^lt('"-i)l^l-"(^)g"(^')-^l^l , , g' ^jc^"-) ^ 

^ •'A V "^z ^ (gi-^f™-Va;g,OA 

and 

"o'^^a) = t(")'^+^'-"^l^l4"^(PA). 

This last result follows from [4, Equation (4.3)] 

P^{x;q,t) = (xi ■ ■ -Xrn)^ P\{x~'^;q,t) 
and the homogeneity (|2.7p . As a result we end up with 

(n-,n) , p , (gt"-\gi-^f"-Vz;g,t). 



,niX,-Mn)(j. . (g^'"-^g,OA fV A (gi-^t^--'+"'-Vz;g),.^,^. 
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where we have also used 



{b;q)N-k {b;q)N iq^ ^/a;q)k 

to rewrite the double product on the right. 

Specialising z q~^t'^ eliminates all reference to N and completes the proof. 

□ 



3. A„ BASIC HYPERGEOMETRIC SERIES 

In this section we will be working with n different sets of variables x'^^\ 



where 



M _ (As) 



such that fci < ^2 < • • • < fc„. 

Our main object of interest is the following generalisation of the Kaneko-Mac- 
donald basic hypergeometric series (|2.19p . 

Definition 3.1 (A„ basic hypergeometric series). 

ai, . . . , flr+l 



(3.1) 



r + l'I'r 



&1, ■ • • , for 

E 



(ai, . . . ,ar+i;q,t)^(„) 
Ad) A(") i<lt''"~\bi,---,br;q,t)^(„) 



n 



xnnn 

S — 1 2—1 j—1 



l^qp-i+k,-k,+i.q-^ 



Here the sum is over partitions X'-''^ such that 1{X'^'^) < for 1 < s < n ana 
(3.2) A,p) > a|!_S,^^, forl<t<h. 

Remark. The sum over the partitions A^^-*, . . . , A*^"^ subject to p.2p may alterna- 
tively be viewed as a sum over skew plane partitions of shape rj ~ v with rj — (fc") 
a partition of rectangular shape and v — {kn — fci, A;„ — fc2, ■ • ■ , — ^n-i)- 
The above definition simplifies to (|2.19p when n = 1, and to 



fli, . . . , a^+i 

fol, • ■ • ,for 



;g,t; (zi), (^2), • • ■ , {zn) 



E 



(oi, . . . , flr+i; g)j„ 



. . . 



n 



iq/t;q)j.-j.+i 



o<j^<-<n i9^bi,...,br]q)j„ ^ ~" ^J^ iq;q)j.-j.+i 

when ki — k2 — ■ ■ ■ — kn = 1. Introducing new summation indices by 
js — js+i for 1 < s < n (where jn+i ■— 0) this gives 



r+l^r 



61, . . . , 6r 



■,q,t; (zi), (Z2), • • ■ , (zn) 



r+l<Pr 



Oi, . . . , Or+l 
fol,... 



n n-1 



; g, zi • • • z„ 



n 

s=l 



'q/t 



■,q,zi-- -Zs 
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Summing the i(f>o series by the g-binomial theorem [9, Equation (II. 3)] 



ifpo 



we get 

(3.3) r+l<^r 



ai, . . . , Qr+l 
bi,...,br 



;q,t': (Zl), (22), . ■ . , (Zn) 
Oi, . . . , ttr+l 



r+l(Pr 



n n-1 



bi 



; g, Zl • • • z„ 



I ... 7 



{qzi ■ ■ ■ Zs/t; q)c 
^J-^ {zi ■ ■ ■ Zs;q)oo 



n 



Using Theorem I2.1l this may be generalised as follows. 
Theorem 3.1. Let x^^) {x[^\ . . ■,x\^^) and 

x^") =zs(l,i,...,i'=^-i) for2<s<n. 

Then 

fli, . . . , ttr+l 



, , ,q,t;x 

bi,.. .,br 

— r+l^r 



(1) M 

, . . . , 



ai, . . . , flr+l 



bi 



q,t;x 



^ • ■ • ^ 



s=l i=l 

Here the i'^-* are recursively defined as x'^^^ = x'--^^ and 

x^") = z,(t'==-i-ix("-^\ . . . , t'^'-i) /or 2 < s < n. 

Taking fci = fc2 = ■ • • = fc„ = 1 and a;'-'^) = (zi) (so that i'^'*' = (zi • • • Zs)) this 
reduces to p.3p . 

Before presenting a proof we will give several important consequences of Theo- 
rem [SHJ 



Theorem 3.2 (A„ (/-binomial theorem). With the same notation as in Theorem \3.1 



1^-0 



\q,t]x 



(1) 



n jaXj ;g)oo T-r T-r 

fx("^-o^ ^^^^ lx''>-a\ 
Eliminating the hats from the double product on the right yields 



q)c 



l5>0 



r (az2 • • • z„a;f g)c 



(z2---z„a;f)ifei+-+^"-i-"+i;g)oo 
^|^^(gz2---z.x«t'=i+-+^v-''V+i-;g), 



(z2---z,a;f)i'=i+-+''V-i-+i;g)oo 



fc,-fc. 



n n 



(az, • ■ • z„t*+*+'==-i+-+''--i-"-i; g)c 



s=2 



Li (z, •••z„i»+''+'^-i+- 



-A,'ti- 1 —n— 1 



;9)c 



k,-k. 



n n 



(gzs • • ■ Zrf 



i+s-r+ks-i-\ hfer-fcr+l-2 



I 1)oo 



2<s<r< 



^ iJ- (z, •••z^i»+'*-'-+''-i+-+'^-i-i;g)c 
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Proof of Theorem \3.SX If we take Theorem 13 . 1 1 with r = 1 the i$o on the right may 
be summed by (I2.20|l . leading to the desired result. □ 

If we further specialise a;*^^^ = zi{l, t, . . . ,t'^'-) in Theorem 13.21 we obtain a more 
symmetric q-binomial theorem. 

Corollary 3.1. Let x^^^ = Zs{l,t, . . . .t^"^^) for I < s < n and set = 0. Then 



(3.4) i$o 



n k,—k 



in) 



il ii • • • Znt'+^+^^-^ + -+^^^-^—-^-q)o. 



X 



n n 



{qzs ■ ■ ■ z^t»+«-'-+fe=-i + -+fer-fc,.+ i-2. 



l<s<r<n — 1 i—1 

When ki = ■ ■ ■ = kn = k the above significantly simplifies to 
a 



k 



n 



(azi • • • z„f-i+("-i)('=-i); g)oo W (g^i • • • q) 



n 



(zi...z„i^-i+(»-i)('=-i);g)oo (^i---^.i^-i+(^-^)('=-'^;'Z) 



where a;*^"^ = Zs(l, t, . . . , i*^"^) for 1 < s < n. 

Remark. It is again easily seen that Theorem 13.21 and Corollary 13.11 are true as 
functions of x^^-* ,Z2,---,Zn or zi, Z2, . . . , Zn when \q\ < 1 and 



max{|a;^^^|, . . . , \z2\, \z„\} < 1 



.(1) 



or 



^{\zi\ 



J}<1- 



Proof of Theorem \3.1\ We abbreviate the sequences ai, . . . , a^+i and bi, . . . ,br by 
A and and assume that n > 1. 

If we apply identity (j2.21|) to eliminate the double product Y[i=i Yi'j^i 
definition (|3.ip of the r+i'&r series we obtain 



(3.5) 



q,t;x^'\...,x^^^ 



A(i),...,A<") 
i/(i),...,i/<"-i) 





UA(")) ^AC^)(a^^"^g,^) (A;g,^);,w 
(S;g,i)A(") 



X n ^"^"^"'^+'=='''""'-'^"V.^':.'.(.(g,^)^A(.(-^^^;'z,o 



s=l 



'(PA(=+i)/^(a)) (gt'==-'==+i-i;g,t),(., 



(fe.+l) 





(^; 



A(=>+i); 



Cl,(=)(9>0 
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The A^^^-dependent part of the summand is given by 

Hence the sum over may be performed by (|2.14|) to yield 



B 



(«) 



a(^),...,a(" 



c;(„,(g,0 {B;q,t)^,„, ul^'^P^i^,) 



(2) „,("-!) 



n 



„,('^=+i)/'p \ 



1/(1) 



P,(i,(x«;g,i). 



By p.7p and (|2.18p the sum over oj^^^ gives 
and by (|2.19p and (|2.20p the sum over i/^^^ gives 



1$0 



i=l 



Substituting these two results and once again using (|2.7p to absorb the factor 
^feilA'^'l we find 



g,i;xW,...,x(") 



A(2),...,A(") 



1/(2), ...,,.("-1) 
^<2),...,^("-i) 



4'^^(^A(2)) 

n-l p 

X n i"^"''"^+'=='''""'-'^'''/.ti..('z,oPA.,(-(^^'z,o 

s=2 - 
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Comparing this with p.Sp we see that up to the term 



(3.6) 



„(fc2)/p \ 



we have effectively reduced n to n — 1. The naive approach would be to apply 
""g^ji'-fci acting on x^^\ Then (|3.6p collapses to 1 as desired, but 



(ki 



1 (a;r^9)c 



'^'1 (4-ki-k2-i. 

Y\- - 

,(fe2 



is not well-defined. The correct approach is to apply Uq.'^^ acting on x^'^\ resulting 



[ r+l^r 



■ a f-M) ^(3) ^ 



(n) 



i=i l-ij I yJoo 



1/(2), ...,,.("-1) 

n-1 

X 

s=2 



n 



(fe= + i-fc,) 



X 







^0 (^A(= + i)) 



where i^^^ = ^2(i'''"^a;(i) , t^^i , . . . ,t'=2"i) and i^'*) = x^^^ for 3 < s < n - 1. Again 
comparing this with p.Sp we have thus proved the following intermediate result. 

Lemma 3.1. Assume that n > 1 and let a;*-^-* = Z2{l,t, . . . ,t'^^~^) and x'^^^ = 
Z2{t^^-^x^^\t^\. ..,t^^~^). Then 



r+l'&r 



„ ^(2) ^(3) («) 



(x^^'^-a) 

i=l (-^i iH)qo 



This is readily iterated, resulting in Theorem 13.1 



□ 



4. Proof of the A„ exponential Selberg integral 

Although Corollary 11.11 follows as a straightforward limit of the A„ Selberg in- 
tegral, it is proved here directly from Corollary [ST] The advantage of first dealing 
with the exponential integral instead of the full A„ Selberg integral is that it makes 
the introduction of c!^^'^^^''^^ [a, h] slightly simpler. Throughout the proof we assume 
that 7^0. 
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Applying u^^^ ■ ■ ■ u^^^ (with Mq*°' acting on a;''*^) to (13. and using (12. 5p and 



231), we get 



(4.1) 



A 



n 



q^t, \ . . . J X 



2n(A(=))^|A(=' 



(") 



E 



A(i)....,A(' 



n 

l<i<j<fc. 



l_i.-,A<='-A(^) (t^-+i;g) 



A "-A 



n-l fes fea 

nnn 



{qt 



j — i-{-ks —k. 



+ 1 



-'■,q) 



1 i=l 7 = 1 



where x'-'*-' = Zs(l, t, . . . , t'^^"^) for 1 < s < n. Taking r = and A = ai = a 
this may be equated with the right-hand side of p.4p . Then replacing t q'^ and 
a — + gQ!+(fe7i~i)7^ anj]^ letting q 1^ using 



r(a; + A:) 



and 

(4.2) 

yields 

(4.3) 



iq''z;q)c 
iqyz;q)c 



{i-z)y-- \z\<i, 



V fr + n n n ' ^ + ' ^^-^^''^ 



A(i),...,A(") i 



n4^"' n 



i<.<"<A.. r(i-7 + /i(^)-^f ) 

II (1 - • • • ^^)-(". + ('=.-fc.+ i-l)7)(fe.-fc.-l) 



l<s<r<n 
X 

s=l i=l 



nn 



r(7) 



Here /Lt^^"* := Aj"' + {kg — ko = fc„+i = and as is defined as in Theorem 11.21 

Next we would like to replace Zs cxp(— e/3s) and A^'''' t'f'' (with e > 0), 
and take the e limit using Stirling's formula 

lini + = 1 

x^oo T(x + o) 

to transform the above sum into an integral. There is however the complication 
that the difference A^'''' — A^"^^'' is not necessarily nonnegative. Let 



(4.4) 



(s) 

u].' ^ i - j - ks + k. 



s+l- 
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Then for A,'"^ - A^"+^' > 



3 ' 



but for A^- < 0, by the Euler reflection formula, 



where 

sin(7r(M)/ + 1)7) 

Hence, depending on the relative order of a'"'' and A^*^"'^' we may or may not pick 



up a ratio of sine-functions, and for small e the summand of (|4.3p takes the form 

gfci + --- + fc„-2:i<^<^<„(a, + (A,V-/c,+ i-l)7)(fe,-fe,_i) -Q^Cs)!-^^ 
kji n—1 n 

i—1 s—1 s—1 

(s) (s+1) 

where the product is over all i,j and s such that < ^} • From this it follows 
that we must first fix a complete ordering between the parts of A^^-* and A^*"*"^-*. 
Any such ordering compatible with p.2p may be described by a map [26] 

(4.6a) Ms ■.{l,...,ks}^ {l,...,fc,+i} 

such that 

(4.6b) M4i)<M4i + l) 
and 

(4.6c) 1 < Ms{i) < ks+i - ks+i, 
as follows: 

(4.7) < Ai^) < A^;_, ^orl<^<ks, 

where Ag*^^"* — 00. Note in particular that l|4.6bp must hold so that (|4.7p is com- 
patible with the ordering among the parts of A^^^. Similarly (|4.6cp must hold so 
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that (14. 7|) is compatible with (13. 2|) . A straightforward counting argument shows 
that there are exactly 

kg^i — kg + 1 I kg + kg^i 



kg+i + 1 V 
different maps. 

Now define D'"! [a, 6] C [a, ' as the set of points 

(AW,...,A(")) = (AW,...,A«,...,A("\...,Ai"J) 

satisfying 

a < A^"^ < • • • < A^''^ <b for 1 < s < n 

and (|3.2p . Given admissible maps Afi,...,M„_i we define -Dmi ''^m„_i['^'^] — 
£)fei,...,fc„ |-jy requiring that (|4.7p holds for 1 < s < rt — 1. As chains we have 

(4.8) i?''^--^-"[a,6]= J2 ^M;:.'.'M„_ja,fe], 

A/i,...,A/„_i 

and summing over A^"'^^ . . . , A*^"^ amounts to summing over the lattice points in 
£)fci,...,/c„ jQ gj^j^ Thanks to the decomposition (|4.8p we know exactly which factors 

of the form Rij\'y) are picked up when we go from sum to integral. Indeed, from 

(|47l) we have that x'l'^ < X^"^'^^ for 1 < j < Mg{i) - 1. This gives rise to the factor 



' sin(7r(z + fc,+i-fc, -M,(^) + l)7) 

sin(7r(i + kg+i - kg)^) 



n ^'(^) 



Taking the product over i and s this yields the total factor 

E,fci,...,fc„ f . TT TT sin(vr(i + fc^+i - kg- Mg{i) + 1)7) 
^m\'...',m„-i(^) = 1111- 



s=l i=l 



sin(7r(i + fc^+i - kg)^) 



Hence making the variable changes Zg exp(— e/3s) and a''*'' ^^V^ ^-iid letting e 



tend to zero we obtain Corollarv ll.il where the integration is over the chain 

(4.9) ci;--'''-[a,b] = ^M;;:::k-.(^)^M;:.:'M„.J«,^]- 

Mi,...,J\/„„i 

For n = 2 this corresponds to the chain introduced in by Tarasov and Varchenko 
in [26] (up to some trivial notational changes). Of course, to correctly interpret 
(14. 9p in the context of Corollarv ll.il (and also Theorem 1 1.2p we have to replace A^*'' 
by ^l*-* in all of the above. In particular (|4.7p becomes 

^(s+i) < As) ^ Js+i) for 1 < 7 < A- 

and we integrate the such that 

(tW,...,t«,...,4"),...,4"j)Gl?'=--^'="[a,6]. 
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5. Proof of the A„ Selberg integral 
Throughout this section we assume 7 7^ and < g < 1, and use 

(a;g).^ forzGC. 

Let Tq be the g-gamma function [9, Equation (1.35)] 

' " (i-q)-i' 

and define 

l<i<j<fc3 

and 

with ulf as in (g^)- 

Using the above definitions as well as (|4.ip , Corollary 13.11 can be written in the 
form 

(5.1) (1-,)^^+-+'=- y: n('^'^^'""'^-i"^''^)«-inn(-i^V' 

n — 1 n 
s=l s=l 

r,(/3, + ... + /?, + (z + ,s - r - 1)7) 



n n 

s<r<n 
n ks 

nn 



l<s<r<n i 
n k 

X 



L r<,(a^ + P, + --- + Pr + ii + s-r + kr~ K+i - 2)7) 

r,(a5 + (?; - fcs+i - i)7)r5(i7) 



Here ctg is as defined in Theorem 1 1.2[ xf^ := (7'^^ * and (t, Zs, a) has been replaced 
by (gT,g/3-'-'==-i'',g('="'l)'^+"). 

The reader familiar with Jackson or q-integrals will recognise ()5.1|) as a (fci + 
• • • + fc„)-dimensional such integral. The standard 1-dimensional Jackson integral 
is given by 

/•I 00 

which simplifies (at least formally) to the Riemann integral 

»i 

f{x)dx 

in the q ^ 1^ limit. Generalising this to arbitrary dimensions as 

/ /(x)d,a; = (1 - g)" f{q^\...,q^-)q^^+-+^-, 



[0.1]" 



il,. ..,2,1—0 
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where x = (xi, . . . , x„) and dg ()5.ip corresponds to the restricted 

g-integral 



(5.2) 



n n 



l<s<r<n 2- 



rg(/3, + ■■■+/?, + (z + g-r- 1)7) 
\ Tq{ar + Ps + --- + (ir + {i + s-r + kr- kr+i - 2)7) 



nn 



r,(a, + (z-fc,+i-l)7)rg(»7) 

r,(7) 



s=li=l 9V 

where Z)''!' - '''" [a, 6] C [a, ' is the set of ah points 

(^X , . . . , X ) — \Xi , . . . , Xj,^ , . . . , X]^ 

such that 



and 



a < x^''-' < • • • < a;^"^ < 6 for 1 < s < n 



a;-''-' < x^^ltf+fc^^, for 1 < i < fcs, 1 < s < n - 1. 



x^^ < x^-p for l<i<j <ks 



for 1 < i < ks, 1<J < fes+i 



Assuming that 
(5.3a) 
and 
(5.3b) 

it follows from (g^l) that 

(5.4a) lim A^(x(*);q) = (A(-a;(^)))'^, 

(5.4b) lim A^(x(^),x(^+i);g) = (A(-a;(^),-a;(^+i)))"^. 

Hence, for (|5.3p (and a;|"^ < 1 for 1 < i < /c„) the q ^ hmit of the integrand of 

(lO) is 

(5.5) 



i=l 



The problem we are now facing is exactly the same as that of Section U) the x\^^ 
are not necessarily compatible with (j5.3b|l . This forces us to also consider the limit 
of the factors making up A^ ; g) when x\^'^ > a;^"^^''. In computing the 

limit (j5.4bp we used that 

(s) , (s+1)n-7 



lim ^xi^) ; 9) = (1 - /x, 



q^l 
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but this is only correct for x\^^ < x'f^^\ When xj*'' > x'j^^^^ we may use the 
g-reflection formula [27, Equation (168a)] 

2ig-/^gi(»logg-/^gV^) 

^^^'^"^^^'-^^^ (i-.K(0;.v^) 

(upon recalling that xj*'' := <7^^ ') to write 



3 

Since 



{q<^x^^+^^ Ix^^^ ■ q) 01 (i log +'^^/^; q^^) 



g«/2 0i(ilogg«/2;gi/2) _ (l-g")(gi+";(;)o,(gi— ;(7), 



9-/2 01 (i log g"/2; gl/2) (1 - q-){q^+- ; q)oo (g^"'' ; q)oo 

00 9/9 
g^l" U T-r 1 — U /n SUlTTti 



-TT- 

we find 



V 1 — v'^ 111? sinTTz; 

n— 1 ' 



where R!f^ is given by (|4.5p . We therefore conclude that the g ^ 1^ limit of the 
integrand of (|5.2p is given by (|5.5p with 



multiplied by a factor R\f {'^) for each x\^^ > a;^^^^"*. 

The rest of the proof simply follows Section [31 We introduce the maps Mg as in 
(gH), with Msii) such that (compare with (gT])) 

(5-6) < < forl<*<fc., 

where Xq*'"''^'' = 0. Furthermore we define ' [a, 6] C Z)'^i^ ^'^"[a,6] by 
requiring that (|5.6p holds. Therefore, 

(5.7) 5'=--'="[a,6]^ 5] ^fck-J"'^] 

Afi,...,A/„_i 

as chains. Also defining 

(5.8) c^--.'="[a,6] = Fk::'XJ^)Dk:::':M.->^^ 
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we get 



11(1 \A{xi^^)ri[{4r-' 



n-1 



n n 



r(/3, + -- -+/3, + (i + s- r- 1)7) 



5=1 



l<s<r<n i- 



L T{ar +(3s + --- + (3r + ii + s-r + kr~ kr+1 - 2)7) 



nn 



Tjas + (^ - fc,+i ~ l)7)r(i7) 

r(7) 



s=l i=l 

(where |A(x("))|2t may be replaced by (A(— a;'^^))^''' ). Finally making the variable 
changes x^*-* = l — t^^^^ for all 1 < i < kg 1 < s < n, so that C'^^' "''^" [0, 1] is replaced 
by C^i' - ''''" [0, 1], completes the proof. 



6. Further A„ integrals 



Let P^^"^ be the Jack polynomial, obtained from the Macdonald polynomial P\ 

and let (a) at be the Pochhammer symbol 

(a)jv ^a{a + l)---{a + N -1). 

Then it is an easy matter to generalise the previous derivation to yield an A„ 
integral involving the Jack polynomial. 

Theorem 6.1. Let fi be a partition of at most ki parts. With the same conditions 
as in Theorem \1.2\ we have 

k 



as 



p(V7) (,(!))]-[ |A(x(^))r-n(i--i^T^"(-!^v^" 



C*i' ■■■ "[0,1] 



s=l 



i=l 



X []|A(a;(^),x('^+i))p^ da;(i)...da;(") 



n 

\<i<3<ki 
n ki 



iU - * + 1)7)m.- 



X 



nn 



{Pi + --- + /3s + {ki-s-i + 1)7)^, 



1 i=i ("s + A H h /9s + (fci + fcs - fcs+i - s - i)7)p 

/t s — ks — 1 



n n 

s<r< 
ks 

nn 



l<s<r<n 2 
n k 



s=l 1=1 



r(/3s + ■ ■ ■ + /?r + (» + g - ^ - 1)7) 

\ T{ar + f3s + ---+Pr + {i + s-r + kr-- kr+1 - 2)7) 
Tjas + {i- ks+1 - l)7)r(»7) 

r(7) 
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When n = 1 this simpHfies to 
(6.1) 1 I p('/'r)ix)\A{x)\'''f[xr\l-x.r-'dx 

[0,1]'= 

i<y<fe r((j-z)7 + M,-M,) 

^ r(a + (fc - z)7 + At.)r(/3 1)7) 



L r(a + /5+(2A:-i-l)7 + /i,) ' 

where we have made the substitutions (fci,a,/3i) — > (fc,/3, a) and have used the 
symmetry of the integrand to replace 

by ' 



/ iA(rt)i'^niinir'(i 



ki 

Cfc[0,l] 0<a:i<2;2---<Xfc<l [0.1]fc 

The integral (gl]) is due to Kadell [11, Theorem I] (see also [16, pp. 385-386]). The 
special case /i = (I'') of (|6.ip corresponds to Aomoto's integral [2], usually stated 
as 

fe 

^ (a + (fc-^)7) ^(a + (^-l)7)^(/3+(»-l)7)^(»7 + l) 

(a + /3+(2fc-i-l)7) r(a + /3 + (z + A: - 2)7)r(7 + 1) 

for < r < fc. The equivalence of Aomoto's integral and the id ~ (V) case of (|6.ip 
follows by symmetrising the integrand of the former, using that 

(6.2) ^ ^ ■ ' ■ '^ir ~ Gr(^) ~ "^{1'^) 

il<22<-<*i- 

with Cr the rth elementary symmetric function. 

By taking /i = (f) in Theorem 16.11 we obtain the following A„ analogue of 
Aomoto's integral: 

/n p ks 



C^i'- ■' "[0,1] 

n-1 



= 1 



n r 



1 1=1 ("s + /3i H h /3s + (^1 + - A;s+i - i - 5)7) 

n '°n' T{P, + --- + [3, + {i + s-r-l)-i) 

l<s<r<n i- 
n k 

X 



nn 



L r(ar + A + • ■ • + /3,r + (i + s - r + A:,. - fc^+i - 2)7) 
r(a, + (z - fc,+i - l)7)r(i7) 



r(7) 
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Proof of Theorem \6.1\ In proving Theorem 1 1.21 we have not taken advantage of the 
fuU A„ g-binomial theorem as stated in Theorem 13.21 relying on the less general 
Corollary 13.11 instead. In going from the former to the latter we have specialised 
a;(^^ to 2:1(1, t, . . . ,t^^~^), or, equivalently, applied to Mq^^^j* acting on x^^^. 

If, more generally, we apply ul/^zj instead of Mq^^', the factor u\^'^\p^{i)) in the 
summand is replaced by uj^^-* (P^ci) ). Then invoking (|2.10p this leads to the term 

" ' ""'^^ 

instead of just u'i^^\Px{i) )- 

Of course not just the summand of ()3.4|) will change by the above, and by 
applying uj^-^z^ instead of Ug''^', the right-hand side of (|3.4|) picks up the additional 
factor 



where ai = •■• = a„_i = q and a„ = at^^*'" . Accordingly, the identity (jS.ip 



n 

generalises to 



kn n ks 

(1 _ y: p.iy, 9, ni?'"'^'"'^^'^!"^ n nc 

A(i),...,A(") i=l s=li=l 

n-1 

X 

s=l s=l 

(g/3i + -+/3, + (fci-«)7;g^ qj) 



L (-ga,+/3i + ---+/3, + (fei+fc,-fc, + i-s-l)7. ^7)^ 



n n 



r,(/3, + --- + /3,. + (z + .s-r-l)7) 

J--^ r,(Q!r+/3sH h /3r + (j + S - r + fcr - fcr+l - 2)7) 

nn 



TqCtts + (« - - l)7)rq(i7) 

X 



r,(7) 

where y = (j/i, . . . , j/fej and — x[^\^'''~^'^'^ . The rest of the proof proceeds exactly 
as before. □ 



7. Two SIMPLE EXAMPLES 

To end this paper we present the fully worked-out examples of the A„ Selberg 
integral for 

(fci, . . . , kn-^i, kji) = (1, . . . , 1, fc) 

and for 7 = 0. 

7.1. The case (fci, . . . , fc„_i, fc„) = (1, . . . , 1, k). In this case there is only one map 
Ms for 1 < s < n — 2, corresponding to the identity map Ms{l) = 1. For s = n — 1, 
however, there are k different maps, given by M„_i(l) — a for 1 < a < fc. 
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If we relabel the integration variables t^*"* ^ for 1 < s < n — 1 and t^"'' ti 
for 1 < i < fc, then the above implies the inequalities 

'O < tfe < ••• < ti < 1, 
Oa : <( < Un-l < ■ • • < ui < 1, 
ta < U„-i < ta~l 

with 1 < a < fc and to = I. As a result we obtain the following (fc + n — 1)- 
dimensional integral: 

^y-^^ sin(7r(fc - g + 1)7) 

^-^ sin(7rfc7) 

a— 1 ^ ^ 

n — 1 k 

On A — 1 — 1 ^ ^ A ^ A ^ 1^ 



i=l 2=1 l<i<j<k 

n — 2 a — 1 /c 

X 

i=l 1=1 

fe 



- Ui+i) - Un-l) ]^(wn-i - ii) dw dt 



r(7) 

r(/3„ + 1)7) fr r(/3i + . . . + /3, + (1 - i)7) 



i=l 

X 



n l [fJn -r yi - l^n) -r-r 
r(a + /3„ + + A: - 2)7) T{A., + /3i + • • • + A - ^7) ' 

where Ai — • • • = j4„_2 = 1, ^n-i = 1 — (fc — 1)7, A„ = a + A:7, du diii • • • dii„_i 
and dt — dti ■ ■ ■ dtk- 

In the notation of the introduction the above integral corresponds to 



and, according to the recurrence (|1.4p . all but one of the ones may be eliminated. 
To see this assume that n > 3 and replace the integration variable ui by v as 

Ui - U2 

V — . 

1 - U2 

Noting that 1 — ui = (1 — — u^) and u\~ U2 = v(l — U2) the integral over v 
may be identified as Euler's beta integral (|1.2p with a = 1 — 7. Therefore 



" 1 ,(a; /3i, ...,/?„; 7) = /f -J /9i + /Jz - 7, /^a, • • ■ , 7) ^^^j^j.^ 

sj^' 1 (/^i - 7 + ij 

in accordance with (|1.4p . Iterating the recursion it follows that 
A^"..i.fe(«; /3i, •••,/?«; 7) = A'^K"; /3i + • • • + /3n - (n - 1)7, /3n; 7) 

xr»-2n + ■■■ + /?. + (1-^)7) 
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and (|7.1|) boils down to its A2 or n = 2 case 

k 



sin(7r(A: — a + 1)7) 



a=l 

A 27 



X 



sin(7r/(;7) 

a— 1 



=1 i<'i<j<fc 

a— 1 

X 

i=l 'i=a 

r(/3i)r(l-fc7) r(a + /32 + (2A: - 2)7) r(/3i + /32 - 7) 



r(i + A - k-f) r(a + /3i + /32 + (fc - 2)7) r(/32 + (fc - 1)7) 

k 

n 



r(a + (* - l)7)r(/32 + (* - l)7)r(»7) 

X 



r(a + /32 + (i + fc - 2)7)r(7) 



where 



: Q<tk<--- <ta<u< ta-i <---<ti<l. 
7.2. The case 7 = 0. When 7 = Theorem 12. II collapses to the integral 

/n ks 
^ — 1 — 1 



^ 1 ^r(a)r(/3, + -.. + /3„)^ 



Co'i [0,1] 



LI (fc,)! Vr(a + /3, + •••+/?„) 

with ai = • ■ • = = 1 and q;„ = a. Because the t\^^ in the integrand are com- 

pletely decoupled the problem of evaluating this integral is purely combinatorial. 
Introducing the partitions A'^-* for l<s<n — las A*^'*-' = (Afs(fcs), . . ■ ,Ms{l)) so 
that A*^*-* has exactly fc, parts and A^'*-' < fc^+i — i + I the 7 = integral may also 
be stated more explicitly as 

ETT TT ^s+i — i — Ai + 2 
fc,.+i-» + l 

A(i',...,A("-i' s=1 i=l 



l<A-'''<fes + l-j+l 



P n ks 

J n n(^^^'')"°"'(i - ^^'V^"' dt(i) • • • di(") 



n ks 

X 

s=l i=l 

fca-fcs 



^ 1 ^r(a)r(/3, + + 



(fc,)! Vr(a + /3, + •••+/?„) 
where the integration domain is given by 

(7.2a) max{i^^|^^,ti:;^,} < t[^^ < nnn{t^„i^^^^^_^ 

for 1 < s < n — 1 and 1 < i < fc, (with t^^'' = 1 and t'"i^\i — 0), and 
(7.2b) til\ < tf) < tt\ 
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for 1 < i < kn- 

Thanks to the factor 11^=1 Oiiil^s+i — * — + 2) we may relax the condition 

( s) ( s) 

< ks+1 — i + 1 to X\ ' < ks+i so that the sum becomes 

E • 

a(i',...,A<'-i) 

Since ai — ■ ■ ■ — = 1 one may, with a bit of pain, successively integrate 

(s) 

over the starting with s = 1. We will not present the full details of this 
calculation here, but remark that the key to unravelling the combinatorics encoded 
in the inequalities (|7.2p is given by 



n r 

l(\)=r 
Ai <n 

with xq = 0, X = (xi, . . . , Xn), iTij the multiplicity of the part j in A and the rth 
elementary symmetric function (j6.2p . To establish (|7.3p we note that when written 
in terms of the multiplicities rrij it becomes 

1 ^ Jl (^j - {n-j + 1- Afj+i) _ ^^^^^ 



(n — r)! — — ;/(,, 

^ ^ mi,...,m„>0 j = l -' 

Mi=r 

where Mj — nij + • • • + to„. Multiplying this by V and summing over r using the 
generating function for the Cr [16, Equation (1.2.2)] yields 

mi,...,mTi>0 J — 1 2—1 

This is true for any xq provided we add the factor (1 + txo)'^^^^^ to the summand: 
(7.4) 

(1 + txor-^'^ A jtj^J - ^J-i)]'"^ (n-j + l- M,-+i) _ fr^^ , ^ 

mi,...,m„>0 i=l i=l 

For n = this is obviously correct. If we denote the sum on the left by L(xo, . . . , x„) 
then 

^ (1 + too)"-^'^^ fr [tjxj - x,_i)]"^- (n - J + 1 - Af,+i) 
L(xo,...,x„)- 2. (n-l-Af^)! H 



m2,...,m,i>0 ^ ' J=2 J 

St 



rxi — txo \ I n — M2 



X 

mi— 



t.To / V mi 



(1 + txiY-^i- " [^(xj- - x.-i)]":-- (n - J + 1 - Afj+i) 
2^ In - 1- Afz)! m,! 

= {l+tXi)L{xi, . . .,Xn). 

By induction (|7.4p is thus true for all nonnegative integers n. 
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